We discuss the f (R)-theories of gravity with torsion in the framework of J -bundles. Such an approach is particularly useful since the components of the torsion and curvature tensors can be chosen as fiber J -coordinates on the bundles and then the symmetries and the conservation laws of the theory can be easily achieved. Field equations of f (R)-gravity are studied in empty space and in presence of various forms of matter as Dirac fields, Yang-Mills fields and spin perfect fluid. Such fields enlarge the jet bundles framework and characterize the dynamics. Finally we give some cosmological applications and discuss the relations between f (R)-gravity and scalar-tensor theories.
I. INTRODUCTION
In some previous papers [1, 2, 3] , a new geometric approach for Gauge Theories and General Relativity (GR), in the tetrad-affine formulation, has been proposed. It is called the J -bundles framework (from now on the J -bundles).
The starting point for the construction of such a framework is that several field Lagrangians have corresponding Lagrangian densities which depend on the fields derivatives only through suitable antisymmetric combinations. This is the case of the Einstein-Hilbert Lagrangian which, in the tetrad-affine formulation, depends on the antisymmetric derivatives of the spin-connection through the curvature.
In view of this fact, the basic idea developed in [1, 2, 3] consists in defining a suitable quotient space of the first jet-bundle, making equivalent two sections which have a first order contact with respect to the exterior differentiation (or, equivalently, with respect to the exterior covariant differentiation), instead of the whole set of derivatives. The resulting fiber coordinates of the so defined new spaces are exactly the antisymmetric combinations appearing in the Lagrangian densities.
For GR, it has been shown that the fiber coordinates of the quotient space can be identified with the components of the torsion and curvature tensors and the approach results particularly useful in the gauge treatment of gravity (see [4] for a general discussion).
The aim of this paper is to extend the mathematical machinery developed in [3] to the f (R)-theories of gravity with torsion [5] in order to recast such theories in the J -bundle formalism. As we will see, such an approach is particularly useful to put in evidence the peculiar geometric structures of the theories, as symmetries and conservation laws.
Before starting with this program, we want to recall what are the physical motivations to enlarge the HilbertEinstein approach to more general theories.
The basic considerations are related to cosmology and quantum field theory since several shortcomings of GR have induced to investigate whether such a theory is the only fundamental scheme capable of explaining the gravitational interaction (see [6, 7, 8] for a review). Other motivations to modify GR come from the old issue to construct a theory capable of recovering the Mach principle. [9, 10, 11] .
One of the most fruitful approaches has been that of Extended Theories of Gravity (ETGs) which have become a sort of paradigm in the study of gravitational interaction. It is based on taking into account physically motivated corrections and enlargements of the Hilbert-Einstein action. In particular, the f (R)-gravity is the simplest extension consisting in relaxing the very stringent hypothesis that the only gravitational action is that linear in the Ricci scalar R: in f (R)-gravity, generic functions of the Ricci scalar are taken into account, but the approach can be extended to include any curvature invariant and/or any scalar fields because, from a conceptual point of view, there are no a priori reason to restrict the gravitational Lagrangian to a linear function of the Ricci scalar R, minimally coupled with matter [12] .
However ETGs are not the "full quantum gravity" but they are needed as working schemes toward it. In fact, every unification scheme, as Superstrings, Supergravity and Grand Unified Theories, takes into account effective actions where non-minimal couplings or higher-order terms in the curvature invariants come out. Specifically, this scheme has been adopted in order to deal with the quantization on curved spacetimes and the result has been that the interactions between quantum fields and background geometry (or the gravity self-interactions) yield correction terms in the Einstein-Hilbert Lagrangian [13, 14] . Moreover, it has been realized that such corrections are inescapable, if we want to obtain the effective action of quantum gravity on scales closed to the Planck length [15] ; finally the idea that there are no "exact" law of physics but that the effective interactions can be described by "stochastic" functions with local gauge invariance (i.e. conservation laws) has been recently taken into serious consideration [16] .
A part the fundamental physics motivations, all these theories have acquired a huge interest in early and late time cosmology due to the fact that they "naturally" exhibit inflationary eras able to overcome the shortcomings of Standard Cosmological Model [17, 18] and well fit the Dark Energy issues of the today observed accelerated behavior [19] . The related cosmological models seem realistic and capable, in principle, of matching with the observations [20, 21] .
In all these approaches, the problem of reducing general theories to the Einstein standard form plus scalar fields has been extensively treated; one can see that, through a Legendre transformation on the metric, higher-order theories, under suitable regularity conditions on the Lagrangian, take the form of the Einstein one in which a scalar field (or more than one) is the source of the gravitational field; on the other side, it has been studied the equivalence between models with variable gravitational coupling with the Einstein gravity through a suitable conformal transformation. In any case, the debate on the physical meaning of conformal transformations has not been solved up to now (see [23, 24] and references therein for a comprehensive review). Several authors claim for a true physical difference between Jordan frame (higher-order theories and/or variable gravitational coupling) since there are experimental and observational evidences which point out that the Jordan frame is suitable to match solutions with data. Others state that the true physical frame is the Einstein one according to the energy theorems [22] . In any case, the discussion is open and no definite statement has been achieved up to now. The problem can be faced from a more general viewpoint and the Palatini approach to gravity could be useful to this goal. The Palatini approach was firstly introduced and analyzed by Einstein himself [25] . It was however called the Palatini approach as a consequence of historical misunderstandings [26] . The fundamental idea at the bases of the Palatini formalism is to consider the connection Γ, entering the definition of the Ricci tensor, to be independent of the metric g, defined on the spacetime M. The Palatini formalism for the standard Hilbert-Einstein torsion-less theory results to be equivalent to the purely metric theory: this follows from the fact that the field equations for the connection fields result exactly the same connection Γ, firstly considered independent: it is the Levi-Civita connection of the metric g. There is, consequently, no reason to impose the Palatini variational principle in the standard Hilbert-Einstein theory instead of the metric (Einstein) variational principle.
The situation, however, completely changes when we consider the case of ETGs depending on analytic functions of curvature invariants, as f (R), or non-minimally coupled scalar fields. In these cases, the Palatini and the metric variational principle provide different field equations [27] .
From a physical viewpoint, considering the metric g and the connection Γ as independent fields is somehow equivalent to decouple the metric structure of spacetime and its geodesic structure (i.e. the connection is not the Levi-Civita connection of g), governing respectively the chronological structure of spacetime and the trajectories of particles, moving in it. This decoupling enriches the geometric structure of spacetime and generalizes the purely metric formalism. This metric-affine structure of spacetime (here, we simply mean that a connection Γ and a metric g are involved) is naturally translated, by means of the same (Palatini) field equations, into a bi-metric structure of spacetime. Beside the physical metric g, another metric h has to be considered. This new metric, at least in the f (R) theories, is simply related to the connection. As a matter of facts, the connection Γ results to be the Levi-Civita connection of h and thus provides the geodesic structure of spacetime.
A further ingredient to generalize this metric-affine formalism is considering also torsion in f (R)-gravity. In [5] , we have discussed this issue showing that the torsion field plays a fundamental role into dynamics with remarkable applications in cosmology. Here we want to develop f (R)-gravity with torsion in the framework of the J -bundles.
The paper is organized as follows. In Sect. II, we briefly sketch the main features of the metric-affine approach to f (R)-gravity with torsion as discussed in [5] .
In Sect. III, we review the construction of J -bundles and their main geometric properties. We recall the definition of the Poincaré-Cartan form associated with a given Lagrangian and derive field equation from a variational principle built on the new space.
Sect. IV is devoted to the application of J -bundles geometry to the tetrad-affine formulation of f (R)-gravity with torsion. We derive field equations in vacuum and in presence of matter. We study explicitly the coupling with Dirac fields, Yang-Mills fields and spin fluids, giving some applications to cosmological models. Finally, we discuss the equivalence between the f (R)-gravity and scalar-tensor gravity with torsion. Conclusions are drawn in Sect.V.
II. f (R)-GRAVITY WITH TORSION: PRELIMINARIES
For convenience of the reader, we briefly sketch the theory discussed in [5] . In f (R)-gravity with torsion, the dynamical fields are the pairs (g, Γ) consisting of a pseudo-Riemannian metric g and a metric compatible linear connection Γ on the space-time manifold M. Such a theory is based on the action functional
where f (R) is a real function, R(g, Γ) = g ij R ij (with R ij := R h ihj ) is the curvature scalar associated with the connection Γ and ds := dx 1 ∧ · · · ∧ dx 4 . Throughout the paper, we use the index notation
for the curvature tensor and
for the connection coefficients.
As it is well known, given a metric tensor g ij , every g-metric compatible connection Γ can be represented as
where (in the holonomic basis
ij denote the coefficients of the Levi-Civita connection associated with the metric g ij and K h ij indicate the components of the contortion tensor [28] . Therefore, the degrees of freedom of the theory may be identified with the (independent) components of the tensors g ij and K h ij (the contortion tensor satisfies the antisymmetry property K
Variations with respect to the metric and the connection (contortion) give rise to the field equations [5] 
where T 
In [5] , we have supposed the matter Lagrangian being independent of the connection. In this case the field equations result to be
where Σ ij := − 1 |g| δL m δg ij plays the role of the energy-momentum tensor.
III. THE J -BUNDLES FORMALISM
A. The geometric framework
Let M be a 4-dimensional orientable space-time manifold, with a metric tensor g of signature η = (1, 3) = (−1, 1, 1, 1). Let us denote by E the co-frame bundle of M. Moreover, let P → M be a principal fiber bundle over M, with structural group G = SO (1, 3) . We denote by C := J 1 (P )/SO(1, 3) the space of principal connections over P . We refer E and C to local coordinates x i , e µ i (i, µ = 1, . . . , 4) and
The configuration space of the theory is the fiber product E × M C (E × C for short) over M. The dynamical fields are (local) sections of E × C, namely pairs formed by a (local) tetrad field e(x) = e µ i (x) dx i and a principal connection 1-form ω(x) = ω µν i (x) dx i . We notice that the connection ω(x) is automatically metric-compatible with the metric g(x) = η µν e µ (x) ⊗ e ν (x) (η µν := diag(−1, 1, 1, 1)), induced on M by the tetrad field e µ (x) itself. We consider the first J -bundle J (E × C) (see [3] ) associated with the fibration E × C → M. It is built similarly to an ordinary J -bundle, but the first order contact between sections is calculated with respect to exterior (or exterior covariant) differentials. J -bundles have been recently used to provide new geometric formulations of gauge theories and GR [1, 2, 3, 29, 30, 31, 32] .
For convenience of the reader, we briefly recall the construction of the bundle J (E × C). Let J 1 (E × C) be the first J -bundle associated with E × C → M, referred to local jet-coordinates
. We introduce on
) be two elements of J 1 (E × C), having the same projection x over M. Denoting by {e µ (x), ω µν (x)} and {ê µ (x),ω µν (x)} two different sections of the bundle E × C → M, respectively chosen among the representatives of the equivalence classes z andẑ, we say that z is equivalent toẑ if and only if
and
where D is the covariant differential induced by the connection. In local coordinates, it is easily seen that z ∼ẑ if and only if the following identities hold
We denote by J (E × C) the quotient space J 1 (E × C)/ ∼ and by ρ : J 1 (E × C) → J (E × C) the corresponding canonical projection. A system of local fiber coordinates on the bundle J (E × C) is provided by
The geometry of J -bundles has been thoroughly examined in Refs. [1, 2, 3] . As a matter of fact, the quotient projection ρ endows the bundle J (E × C) with most of the standard features of jet-bundles geometry (J -extension of sections, contact forms, J -prolongation of morphisms and vector fields), which are needed to implement variational calculus on J (E × C).
Referring the reader to [1, 2, 3] for a detailed discussion on J -bundles geometry, the relevant fact we need to recall here is that the components of the torsion and curvature tensors can be chosen as fiber J -coordinates on J (E × C). In fact, the following relations
can be regarded as fiber coordinate transformations on J (E × C), allowing to refer the bundle J (E × C) to local coordinates
In particular, a section γ is said holonomic if it is the J -extension γ = J σ of a section σ : M → E × C. In local coordinates, a section is holonomic if it satisfies the relations [3]
namely if the quantities T µ ij (x) and R µν ij (x) are the components of torsion and curvature tensors associated with the tetrad e µ i (x) and the connection ω µν i (x), in turn, represents the section σ. We also recall that the bundle J (E × C) is endowed with a suitable contact bundle. The latter is locally spanned by the following 2-forms
It is easily seen that a section γ : M → J (E × C) is holonomic if and only if it satisfies the condition γ * (θ µ ) = γ * (θ µν ) = 0 ∀µ, ν = 1, . . . , 4. Moreover, in the local coordinates {x, e, ω, T, R}, the 2-forms (13) can be expressed as
being
The field equations
We call a Lagrangian on J (E × C) any horizontal 4-form, locally expressed as
Associated with any of such a Lagrangian there is a corresponding Poincaré-Cartan 4-form, having local expression (see [3] )
where
ds into account, it is easily seen that the 4-form (16) may be expressed as
The field equations are derived from the variational principle
where σ : M → E × C denotes any section and J σ : M → J (E × C) its J -extension satisfying eqs. (12) .
Referring the reader to [3] for a detailed discussion, we recall here that the corresponding Euler-Lagrange equations can be expressed as
for all J -prolongable vector fields X on E × C. Moreover, we notice that the expression of J -prolongable vector fields and their J -prolongations, involved in eq. (19), is not needed here. In order to make explicit eq. (19), we calculate the differential of the form (17) , that is
Choosing infinitesimal deformations X of the special form
we have then [3] )
Due to the arbitrariness of X and the holonomy of the J -extension J σ (compare with eqs. (12b)), the requirement (19) yields two sets of final field equations To conclude, it is worth noticing that all the restrictions about the vector fields J (X) in eq. (19) may be removed. In fact, it is easily seen that eq. (19) automatically implies
IV. f (R)-GRAVITY WITHIN THE J -BUNDLE FRAMEWORK
A. Field equations in empty space
Let us now apply the above formalism to the f (R) theories of gravity. The Lagrangian densities which we are going to consider are of the specific kind L = ef (R), with e = det (e At this point, the same considerations made in [5] hold. In particular, let us take into account the trace of the equation (26a), namely
This is identically satisfied by all possible values of R only in the special case f (R) = kR 2 . In all the other cases, equation (28) represents a constraint on the scalar curvature R. As a conclusion, it follows that, if f (R) = kR 2 , the scalar curvature R has to be a constant (at least on connected domains) and coincides with a given solution value of (28) . In such a circumstance, equations (27) imply that the torsion T α ij has to be zero and the theory reduces to a f (R)-theory without torsion, thus leading to Einstein equations with a cosmological constant.
In particular, we it is worth noticing that:
• in the case f (R) = R, eq. (28) yields R = 0 and therefore eqs. (26a) are equivalent to Einstein's equations in empty space;
• if we assume f (R) = kR 2 , by replacing eq. (28) into eq. (26), we obtain final field equations of the form 
B. Symmetries and conserved quantities
The Poincaré-Cartan formulation (24) of the field equations turns out to be especially useful in the study of symmetries and conserved quantities. To see this point, we recall the following [3] Definition IV.1 A vector field Z on J (E × C) is called a generalized infinitesimal Lagrangian symmetry if it satisfies the requirement
for some 3-form α on J (E × C).
Definition IV.2 A vector field Z on J (E × C) is called a Noether vector field if it satisfies the condition
where ω is a 4-form belonging to the ideal generated by the contact forms and α is any 3-form on J (E × C).
Proposition IV.1 If a generalized infinitesimal Lagrangian symmetry Z is a J -prolongation, then it is a Noether vector field.
Proposition IV.2 If a Noether vector field Z is a J -prolongation , then it is an infinitesimal dynamical symmetry.
We can associate with any Noether vector field Z a corresponding conserved current. In fact, given Z satisfying eq. (32) and a critical section σ : M → E × C we have
showing that the current J σ * (Z Θ − α) is conserved on shell. As it is well known, diffeomorphisms and Lorentz transformations (for tetrad and connection) have to be dynamical symmetries for the theory: let us prove it.
To start with, let Y = ξ i ∂ ∂x i be the generator of a (local) one parameter group of diffeomorphisms on M. The vector field Y may be "lifted" to a vector field X on E × C by setting
The vector fields (34) are J -prolongable and their J -prolongations are expressed as [3] 
A direct calculation shows that the vector fields (35) satisfy L J (X) (ef (R) ds) = 0, so proving that they are infinitesimal Lagrangian symmetries for generic f (R)-models. Due to Propositions (IV.1) and (IV.2), we conclude that the vector fields (35) are Noether vector fields and thus infinitesimal dynamical symmetries. There are no associated conserved quantities, the inner product J (X) Θ consisting in an exact term plus a term vanishing identically when pulled-back under critical section. We have indeed (38) It is straightforward to verify that the vector fields (38) obey the condition L J (Y ) (ef (R) ds) = 0. Once again, the conclusion follows that they are infinitesimal dynamical symmetries. Moreover, it is esily seen that
Therefore, as above, since the inner product J (X) Θ consists in an exact term plus a term vanishing identically when pulled-back under critical section, there are no associated conserved quantities.
C. Field equations in presence of matter
In presence of matter, the configuration space-time of the theory results to be the fiber product E × C × M F over M, between E × C and the bundle F → M where the matter fields ψ A take their values. The field equations are derived from a variational problem built on the manifold J (E × C) × M J 1 (F ), where J 1 (F ) indicates the standard first J -bundle associated with the fibration F → M.
The total Lagrangian density of the theory is obtained by adding to the gravitational one a suitable matter Lagrangian density L m . Throughout the paper, we shall consider matter Lagrangian densities of the kind L m = L m (e, ω, ψ, ∂ψ). The corresponding Poincaré-Cartan form is given by the sum Θ + θ m , where Eqs. (42) tell us that, in presence of ω-dependent matter, there are two sources of torsion: the spin density S α ts and the nonlinearity of the gravitational Lagrangian. It is important to stress that this feature is not present in standard GR. Now, by considering the trace of eqs. (40a) we obtain a relation between the scalar curvature R and the trace Σ of the energy-momentum tensor given by
When the trace Σ is allowed to assume only a constant value, the present theory amounts to an Einstein-like (if S α ts = 0, i.e. ω-independent matter) or an Einstein-Cartan-like theory (if S α ts = 0, i.e. ω-dependent matter) with cosmological constant. In fact, in such a circumstance, eq. (43) implies that the scalar curvature R also is constant. As a consequence, eqs. (40a) and (42) can be expressed as
where Λ = kf (R) − R and k = 1 f ′ (R)
, R being the constant value determined by eq.(43), provided that f ′ (R) = 0.
The previous discussion holds with the exception of the particular case Σ = 0 and f (R) = αR 2 . Indeed, under these conditions, eq. (43) is a trivial identity which imposes no restriction on the scalar curvature R.
From now on, we shall suppose that Σ is not forced to be a constant when the matter field equations are satisfied. Besides, we shall suppose that the relation (43) is invertible so that the scalar curvature can be thought as a suitable function of Σ, namely
With this assumption in mind, defining the tensors R 
In eqs. (46a) one has to distinguish the order of the indexes since, in general, the tensors R ij and Σ ij are not symmetric.
Moreover, following [5] , in the l.h.s. of eqs. (46a), we can distinguish the contribution due to the Christoffel terms from that due to the torsion dependent terms. To see this point, from eqs. (2) and (4), we first get the following representation for the contracted curvature tensor
whereR ij is the Ricci tensor of the Levi-Civita connectionΓ associated with the metric g ij = η µν e µ i e ν j , and∇ denotes the Levi-Civita covariant derivative. Then, recalling the expression of the contortion tensor [28] 
and using the second set of field equations (46b), we obtain the following representations The last step is the substitution of eqs. (50) into eqs. (46a). Explicit examples of the described procedure are given in the next subsections. We will discuss specific cases of fields coupled with gravity acting as matter sources.
D. The case of Dirac fields
As a first example of matter, we consider the case of Dirac fields ψ. The matter Lagrangian density is given by
S µν ψ and D iψ = ∂ψ ∂x i −ψω µν i S µν are the covariant derivatives of the Dirac fields,
µ ; γ µ denotes the Dirac matrices.
The field equations for the Dirac fields are
Since the Lagrangian (51) vanishes for ψ andψ satisfying the equation (52), the corresponding energy-momentum and spin density tensors are expressed, respectively, as
with
. Now, using the properties of the Dirac matrices, it is easily seen that γ
This fact implies the total antisymmetry of the spin density tensor S h ij . As a consequence, the contracted curvature and scalar curvature assume the simplified expressions (compare with eq. (50))
Inserting eqs. (55) into eqs. (46a) and using of the above expression forT i , we obtain the final Einstein-like equations
where we have defined the scalar field
and the effective potential
To conclude, we notice that eqs. (56) can be simplified by performing a conformal transformation. Indeed, settinḡ g ij := ϕη µν e µ i e ν j , eqs. (56) can be rewritten in the easier form
whereR ij andR are respectively the Ricci tensor and the Ricci scalar curvature associated with the conformal metric g ij .
E. The case of Yang-Mills fields
As it has been shown in some previous works [1, 2, 3, 29] , also gauge theories can be formulated within the framework of J -bundles. Therefore, we can describe f (R)-gravity coupled with Yang-Mills fields in the new geometric setting.
To see this point, let Q → M be a principal fiber bundle over space-time, with structural group a semisimple Lie group G. We consider the affine bundle J 1 Q/G → M (the space of principal connections of Q → M) and refer it to local coordinates x i , a A i , A = 1, . . . , r = dim G. In a combined theory of f (R)-gravity and Yang-Mills fields, additional dynamical fields are principal connections of Q represented by sections of the bundle J 1 Q/G → M. The extended configuration space of the theory is then the fiber product E × C × J 1 Q/G → M over M.
Following the approach illustrated in Sec. II, we may construct the quotient space J (E × C × J 1 Q/G) (see [3] for details). As additional J -coordinates the latter admits the components F A ij of the curvature tensors of the principal connections of Q → M. Holonomic sections of the bundle J (E × C × J 1 Q/G) are of the form (12) together with
where C A CB are the structure coefficients of the Lie algebra of G. The Poincaré-Cartan 4-form associated with a Lagrangian on
for all J -prolongable vector fields X on E × C × J 1 Q/G. Due to the arbitrariness of the infinitesimal deformations X, eq. (62) splits into three sets of final equations, respectively given by eqs. (23) together with
In particular, if the Lagrangian density is
expressing f (R)-gravity coupled with a free Yang-Mills field, eqs. (23) and (63) assume the explicit form
Since the trace of the energy-impulse tensor T • if f (R) = kR we recover the Einstein-Yang-Mills theory;
• if f (R) = kR 2 the torsion is necessarily zero and we recover a f (R)-theory without torsion coupled with a Yang-Mills field;
• We can have non-vanishing torsion only in the case f (R) = kR 2 .
F. The case of spin fluid matter
As a last example of matter source, we consider the case of a semiclassical spin fluid. This is characterized by an energy-momentum tensor of the form
and a spin density tensor given by
where U i and S ij denote, respectively, the 4-velocity and the spin density of the fluid (see, for example, [33] and references therein). However, the constraint U i U i = −1 must hold. Other models of spin fluids are possible, where, due to the treatment of spin as a thermodynamical variable, different expressions for the energy-momentum tensor may be taken into account [34, 35, 36] .
The 4-velocity and the spin density satisfy by the so called convective condition
It is easily seen that the relations (67) imply the identitieŝ
obtained inserting eq. (66b) in eq. (49b) and using (67). Making use of (68) as well as of eqs. (49b), (50), (66b) and (67), we can express the Ricci curvature tensor and scalar respectively as
In view of this, substituting eqs. (69) in eqs. (46a), and using the definitions (57) and (58), we obtain Einstein-like equations of the form
Eqs. (70) are the "microscopic" field equations for f (R) gravity with torsion, coupled with a semiclassical spin fluid.
In this form, all the source contributions are put in evidence and their role is clearly defined into dynamics.
G. Cosmological applications
In order to apply the above considerations to Friedmann-Robertson-Walker(FRW) cosmological models, let us consider an isotropic and homogeneous universe filled with a cosmological spin fluid.
Eqs. (70) are valid in the microscopic domain of matter. Cosmological equations can be derived by a suitable space-time averaging of (70). In this situation, the simplest cosmological scenario is achieved by supposing that the cosmological fluid is unpolarized. In fact, being the spin randomly oriented, we can assume that the average of the spin and its gradient vanish, but the same is not true for the spin-squared terms as < S pq S pq >. As conclusion, it follows that, after averaging, eqs. (70) reduce tõ
where we have introduced the notation s 2 = 2S pq S pq (see [33] ). As for the case of Dirac fields, eqs. (71) , from (71) we obtain a set of equivalent Einstein-like equations for the barred tetrad, expressed as
whereḠ ij is the Einstein tensor in the barred metric andΣ ij := (ρ + p)Ū iŪj + pḡ ij the new stress-energy tensor for the perfect fluid. Now, looking for a FRW solution
for eqs. (72), we get the Friedmann-like equations of the form
In conclusion, we notice that, once a solutionē µ is found, also the conformal tetrad e µ = 1 √ ϕē µ (solution of (71))
gives rise to a FRW metric. In fact, by performing the time variable transformation
we can express the tetrad e µ as e 0 = dτ, e 1 = A(τ ) dψ, e 2 = A(τ )χ dθ, e 3 = A(τ )χ sin θ dφ
where A := a √ ϕ .
H. Equivalence with scalar-tensor theories
The results of the last subsection lead to take into account the analogies between f (R)-gravity with torsion and scalar-tensor theories with torsion, as discussed, for example, in [37, 38] . To this end, let us consider a Lagrangian density of the form
where ϕ is a scalar field, U (ϕ) is a suitable potential and L m is a matter Lagrangian density.
The Euler-Lagrange equations (23) applied to the Lagrangian density (77), yield the corresponding field equations Now, under the conditions U (ϕ) = 2 ϕ V (ϕ), where V (ϕ) is defined as in eq. (58) and f ′′ = 0. It is easily seen that the relation (79) represents exactly the inverse of (57). In fact, from the definition of the effective potential (58) and the expression F −1 (X) = f ′ (X)X − 2f (X) we have
so that
and then
In view of the latter relation, eqs. (78) result to be equivalent to eqs. (45) and (46). This fact proves the equivalence between f (R)-gravity and scalar-tensor theories with torsion obtained also in the J -bundles framework.
V. CONCLUSIONS
In this paper, we have discussed the f (R)-theories of gravity with torsion in the J -bundles framework. This formalism gives rise to a new geometric picture which allows to put in evidence several features of the theories, in particular their symmetries and conservation laws. In particular, due to the fact that the components of the torsion and curvature tensors can be chosen as fiber J -coordinates on J (E × C), the field equations can be easily obtained in suitable forms where the role of the geometry and the sources is clearly defined.
Furthermore, such a representation allows to classify the couplings with respect to the various matter fields whose global effect is that to enlarge and characterize the J -bundle.
We have given specific examples of couplings taking into account Dirac fields, Yang-Mills fields and spin fluids. In every case, the J -vector fields allow to write the f (R)-field equations in such a way that curvature, torsion and matter components have a clear and distinct role into dynamics.
This result is particularly useful in cosmology where the role of sources is crucial to define dynamics and, in some sense, to coherently match the observations. In fact, the passage from the "microscopic" domain of field equations and a suitable average domain for cosmology is extremely relevant to define self-consistent cosmological models having well-founded theoretical bases. For example, in the present state of cosmology, one of the main shortcomings is due to the fact that a huge amount of models explain the "same" data and, in our opinion, the degeneracy could be due to the fact that the relation between the microscopic and the macroscopic descriptions are often not well defined, a part the very crucial issue to have homogeneous and reliable data at any redshift. In this sense, giving a priori a straightforward classification of curvature, torsion and matter components is extremely useful.
